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In multiperiod planning models, the input data often contains some level of uncertainty. This uncertainty can be classified into two categories depending upon the way the uncertainty is resolved: exogenous uncertainty, where realizations occur independently of the decisions; and endogenous uncertainty, where the realizations are affected by the decisions. In the endogenous case, the decisions may affect the timing of the realizations, or their underlying probability distribution[1]. This work considers the class of endogenous uncertainty where decisions affect the timing of realizations. In the context of process systems engineering, exogenous uncertainty often corresponds to a market uncertainty, such as crude-oil prices. These realizations occur in each period of the time horizon, independently of any decisions. Endogenous uncertainty is a technical uncertainty, such as oilfield size or quality, that is only resolved after a decision is made at a given point in time (e.g., to drill a given oilfield). It is very common for both types of uncertainty to be present in the same problem; however, to the best of our knowledge, there are no published papers that present numerical results for problems containing both endogenous and exogenous parameters.

[bookmark: _GoBack]A common approach for optimization under exogenous uncertainty is two-stage stochastic programming. In this scenario-based approach, first-stage decisions are made ‘here and now’ at the beginning of the first time period, and are then followed by the resolution of uncertainty. Second-stage, or recourse, decisions are taken as corrective action at the end of the period(s). For problems spanning multiple stages, this becomes a multistage stochastic program, and the decision maker is given the additional freedom to make new ‘here-and-now’ decisions at the beginning of each stage. Decisions, realizations, and recourse actions occur sequentially, allowing for a more accurate description of the decision-making process for long-term planning projects. Multistage stochastic programming also provides a more suitable framework for endogenous uncertainties, as these realizations can occur at any point in the time horizon.

In this work, we address the modeling and solution of multistage MILP stochastic programming problems involving both endogenous and exogenous uncertain parameters. The general model for this class of problems was presented by Goel and Grossmann[2] as a mixed-integer disjunctive program. Because the number of non-anticipativity constraints (NACs) grows exponentially as the number of time periods, uncertain parameters, or realizations increases, most problems of practical interest are too large to be solved directly with commercial MILP solvers. To address this issue, we first propose the idea of a composite scenario tree for stochastic processes that contain both endogenous and exogenous parameters. The structure of the scenario tree naturally leads to two new theoretical model-reduction properties based on adjacency and scenario grouping, respectively. These new properties drastically reduce the number of NACs and the computational time required to solve the model, and complement the properties previously proposed by Goel and Grossmann[2] and Gupta and Grossmann[3]. Even with these reduction properties, however, the reduced model is often still intractable, so we also propose two special solution approaches. The first approach is Lagrangean decomposition, in which the model is decomposed into independent scenario subproblems that can be solved in parallel. The second is a sequential-decomposition heuristic which involves sequentially solving endogenous MILP subproblems to determine the binary investment decisions, fixing these decisions to satisfy the first-period and exogenous NACs, and then solving the original problem as an LP. This procedure quickly provides a high-quality feasible solution to the original problem. We present numerical results for a process network example and an oilfield development planning problem. These results clearly demonstrate the efficiency of these special solution methods over solving the reduced model directly.
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