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The modeling of time plays a key role in the formulation of mixed-integer programming (MIP) models for scheduling, production planning, and operational supply chain planning problems. It affects the size of the model, the computational requirements, and the quality of the solution. While many types of time grids have been proposed in the literature for continuous-time models, discrete-time models had always been thought of as having a single grid with equally spaced time points. However, in this work we show that models based on multiple and nonuniform discrete-time grids can in fact be formulated. Specifically, we develop algorithms for the generation of separate grids for each task, unit, and material, based on problem data. The proposed algorithms are executed in just a few seconds and therefore do not introduce significant overhead compared to the time it takes to solve the MIP scheduling model. The resulting MIP model has significantly smaller number of variables and constraints. We build upon our previous work to generate separate grids for utilities; and modify the task and unit grids to account for maintenance, changeovers, limited intermediate storage, and utilities. Importantly, we prove five properties which ensure that our multi-grid formulation will not cutoff the best possible solution. 
Utility consumption can vary throughout the execution of a task and the amount of utility that is available can change as well. Capturing the variations in utility consumption and availability requires a grid with a small time step. If a single grid is being used, it is necessary to add more binary variables as time points are added to capture the utility consumption. Another option when using a single-grid is to approximate the utility profiles, but this may lead to suboptimal solutions. We propose to use a separate grid for the utility that can be made as fine as desired without affecting the task/unit grids or the number of binary variables. 
The proposed framework leads to substantial reductions in the size of the formulations. Computational results showed that our multi-grid models: (1) obtain better solutions than a model based on a single coarse grid (which is the practice today), and (2) obtain better solutions and are solved faster than single-grid models based on a sufficiently fine grid.
[bookmark: _GoBack]Beyond the computational enhancements, the proposed framework has four additional advantages. First, the algorithms for the generation of the grids require only problem data as input so they can be readily applied for a range of problems. Second, the proposed models have exactly the types of constraints present in single-grid models: unit utilization, batch capacity, material balance, and resource constraints. No new types of constraints are needed to synchronize the different grids. Third, additional processing characteristics, such as consumption and production of materials during the execution of tasks, can be considered using the same ideas and methods. Fourth, it allows us to formulate models that enforce resource constraints at a frequency higher than the frequency at which tasks are allowed to start, a highly desirable feature that has been overlooked in the academic literature (e.g., model utilization of cleaning-in-place and cleaning-out-of place resources in batch manufacturing facilities). 
